Global incidence of dengue, a vector-borne tropical disease, has seen a dramatic increase with several major outbreaks in the past few decades. We formulate and analyze a stochastic epidemic model for the transmission dynamics of a single strain of dengue virus. The stochastic model is constructed using a continuous time Markov chain (CTMC) and is based on an existing deterministic model that suggests the existence of a backward bifurcation for some values of the model parameters. The dynamics of the stochastic model are explored through numerical simulations in this region of bistability. The mean of each random variable is numerically estimated and these are compared to the dynamics of the deterministic model. It is observed that the stochastic model also predicts the co-existence of a locally asymptotically stable disease-free equilibrium along with a locally stable endemic equilibrium. This co-existence of equilibria is important from a public health perspective because it implies that dengue can persist in populations even if the value of the basic reproduction number is less than unity.
Introduction
Dengue, a vector transmitted disease, has seen a dramatic increase in global incidence over the past decades [1, 2] . Originally restricted to a handful of countries, dengue is now endemic in more than a hundred tropical and subtropical countries worldwide [1] [2] [3] . With an estimated 50 -100 million cases and nearly 10,000 -20,000 deaths annually, dengue ranks second to Malaria amongst deadly mosquito-born diseases [1, 2, [4] [5] [6] . The disease is caused by one of four virus serotypes (strains) of the genus Flavivirus [2, 3, 7] . Most infected individuals suffer from dengue fever, a severe flu-like illness characterized by high fever, which poses only a limited threat to mortality [2, 8] . The symptoms usually last for one to two weeks, after an initial incubation period of about 4 -7 days [9] . A minority of infected individuals however, develops dengue hemorrhagic fever (DHF) resulting in bleeding, low levels of blood platelets and blood plasma leakage, or dengue shock syndrome (DSS) resulting in extremely low blood pressures. The risk associated with DHF and DSS is considerably higher, with mortality ranging from 5% -15% [3, 5, 9, 10] .
Dengue is transmitted to humans through mosquito bites. Female mosquitos of the Aedas genus, primarily Aedas aegypti, acquire the dengue virus through a blood meal from infected humans [2, 11] . The dengue virus has an incubation period of about 7 -10 days in the vector, and is then spread to susceptible humans who are bitten by the infected mosquito [9] . The virus also has an incubation period of 4 -7 days in the host [9] . While vectors never recover from infection with the dengue virus, the infection in hosts lasts only about one to two weeks [2] . Recovery from infection with one serotype of the dengue virus gives life-long immunity to that serotype but only temporary and partial immunity to other serotypes [2, 4, [12] [13] [14] . Secondary infection with a different serotype may result in Antibody Dependent Enhancement (ADE), which is speculated to increase the chances of DHF and DSS [4, 12, 13, 15] . In this study however, we will consider infection involving only a single serotype of the dengue virus.
Historical records indicate the occurrence of dengue epidemics in North America, Asia and Africa in the late 18th century [3] . Since then and up until the middle of the 20th century, incidences of dengue fever have been rare [3] . Since the 1970's however, there has been a marked increase in the number of dengue cases, as well as dengue epidemics, with the WHO claiming a 30-fold increase in the incidence of dengue between 1960 and 2010 [2, 3, 8] . This dramatic increase is attributed to rapid urbanization, population growth and increase international travel [8] . Dengue disease is currently endemic in nearly 110 countries in Southeast Asia, the Americas, Africa and the Eastern Mediterranean [2] . It is estimated by the WHO, that nearly 2.5 billion people are at risk of contracting the disease. Furthermore, nearly 50 -100 million cases and almost 20,000 deaths due to more severe forms of dengue fever are reported globally every year, making dengue one of the deadliest mosquitotransmitted diseases [1, 2, [4] [5] [6] .
The dengue virus (DENV), which causes dengue fever in humans, is a single positive-stranded RNA virus of the family Flaviviridae and genus Flavivirus [2, 3, 7] . The virus has four distinct serotypes, DENV1, DENV2, DENV3 and DENV4, each of which can cause the full spectrum of the disease [2, 3, 7] . Owing to the difficulty of developing an immunization against all four serotypes, there is currently no vaccine against the disease [6, 8] , [11] . Infection with and recovery from a particular serotype of the dengue virus grants life-long immunity to that serotype but only gives temporary and/or partial immunity to the other serotypes [2] . This partial cross-immunity is the cause of antibody-dependent enhancement (ADE) in the setting of a secondary infection with a different serotype of DENV. ADE is hypothesized to be one factors leading to DHF and DSS, the more severe form of dengue disease [4, 12, 13, 15] .
The clinical symptoms and effects of dengue disease vary greatly. Nearly 80% of individuals suffering from a primary infection with DENV are asymptomatic or display only a mild, uncomplicated fever [2, 8] . A minority of infected individuals suffer from DHF and DSS, the more severe forms of dengue disease [3, 5, 9] . As mentioned previously however, risk of DHF and DSS is associated primarily with secondary infection with a heterologous serotype of DENV [4, 12, 13, 15] . In general, dengue disease is marked by three separate phases: febrile, critical and recovery. The characteristic symptoms of dengue in the febrile phase are the sudden onset of high fever, rash, headaches and muscle and joint pains, which lead to the alternative name "breakbone fever" for dengue disease [8] . This phase of the disease is rarely life threatening and the associated mortality is quite low. Most individuals then progress to the recovery phase. However, a minority of individuals first pass through the critical phase of the disease. This phase lasts for one or two days and is marked by low blood pressure, leakage of blood plasma from the capillaries and decreased blood supply to organs. Severe cases of these symptoms are associated with DHF and DSS and the mortality in this phase of the disease is estimated to be as high as 5% -15% [3, 5, 8, 9] .
Over the past several years, a number of deterministic mathematical models have been proposed to analyze the transmission dynamics of dengue in urban communities [5, [11] [12] [13] [14] [15] [16] [17] . L. Esteva and C. Vargas [14] have investigated the coexistence of two serotypes of dengue virus using a deterministic ODE model. Moreover, Ferguson et al. [15] have investigated the effects of ADE on the transmission of multiple serotypes of dengue virus. In addition, Garba et al. [11] have shown the existence of a backward bifurcation in a standard incidence ODE model for a single strain of dengue virus. Garba et al. [12] have also explored the effects of cross-immunity on the transmission dynamics of two strains of dengue virus. Similarly, H. Wearing and P. Rohani [13] have investigated the effects of both ADE and cross immunity on multiple serotypes of dengue virus. Finally, Chowel et al. [18] have estimated the basic reproduction number for dengue using spatial epidemic data.
In addition, over the past few decades, several stochastic epidemic models for the spread of infectious diseases have also been proposed and analyzed [19] [20] [21] [22] [23] [24] [25] [26] [27] . An important qualitative difference between deterministic and stochastic epidemic models in general is the asymptotic dynamics [28] . Furthermore, stochastic models also allow for the possibility of disease extinction in finite time and therefore the expected time to disease extinction can be calculated [19, 28, 29] . It is also observed that stochastic models better capture the uncertainty and variability that is inherent in real-life epidemics due to factors such as the unpredictability of person-to-person contact [27, 29] . L. J. S. Allen [28, 29] has explored the utility of stochastic epidemic models by comparing them with deterministic models. Despite, the utility of stochastic models, however, very little stochastic modeling has been performed for the transmission dynamics of dengue virus (see [26] and the references therein).
The purpose of this study is to formulate and analyze a stochastic model for the transmission dynamics of a single strain of dengue virus using a continuous time Markov chain (CTMC). The stochastic model is based on an existing deterministic model proposed by Garba et al. [11] with one minor but nevertheless important difference: contrary to the original deterministic model [11] and in line with previous studies of dengue virus such as [12, 13] , we will assume that exposed hosts and exposed vectors do not transmit the disease. In addition, the deterministic model [11] postulates the existence of a backward bifurcation for a subset of the model parameters space. Therefore, a major aim of this study is to estimate the mean of each random variable in this region of Copyright © 2013 SciRes. AM
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665 bistability using numerical simulations. These will be compared to the dynamics of the deterministic model [11] . A previous study on the effect of a backward bifurcation on the dynamics of a stochastic epidemic model is given in [26] . This paper is organized as follows. The second section contains a description of the deterministic model formulated in [11] along with a discussion of the basic reproduction number 0 of the model as well as the conditions for the existence of the backward bifurcation. In Section 3 we formulate the stochastic model as a continuous time Markov chain (CTMC) and discuss some basic properties of the stochastic model. Finally, Section 4 contains the numerical simulations of the stochastic model. We conclude the paper by presenting a discussion of various directions in which to extend the current study.
R

The Deterministic Model
Model Formulation
The deterministic model we have considered is a deterministic vector-host ODE model that assumes a homogenous mixing of the host (human) and vector (mosquito) populations. The total human population at time t, denoted by , is divided into four mutually exclusive classes comprising of susceptible humans
. It is assumed that individuals who recover from infection with a particular serotype of Dengue gain lifelong immunity to it [12] . Similarly, the total vector population at time t is denoted by
and is divided into three mutually exclusive classes comprising susceptible of susceptible vectors
, exposed vectors and infected vectors
It is assumed that vectors (mosquitoes) infected with a particular serotype of Dengue never recover [12] . As mentioned previously in the introduction, we will modify the original model of Garba et al. [11] by assuming that exposed humans and exposed vectors do not transmit the disease.
The model assumes that the susceptible human population has a constant recruitment rate Mathematically, the modified determinstic model is as follows:
where,
The basic reproduction number for the model (2.1) can be calculated using the next generation operator method given in [30] . Hence, for the model (2.1), is given by
It follows from [30] that the following lemma holds. Lemma 1. The system (2.1) has a locally asymptotically stable disease-free equilibrium (DFE) given by
given by 0  is locally unstable whenever .
0
It should be pointed out however, that we have not proven that the DFE is globally asymptotically stable for values of the basic reproduction number 0 . Indeed, as shown in the next section, this is not true.
Backward Bifurcation
As mentioned in the introduction, Garba et al. proved that the deterministic model presented in [11] undergoes a backward bifurcation for certain values of the model parameters. Since the model (2.1) considered in this study is a special case of the model considered by Garba et al. in [11] , it follows easily that model (2.1) also undergoes a backward bifurcation. This is detailed in Theorem 1. Theorem 1. Define the constants and as follows: , there is a simultaneous co-existence of a locally asymptotically stable DFE alongside a locally asymptotically stable endemic equilibrium. Thus, lowering the value of the basic reproduction number to less than unity is no longer a sufficient condition to ensure disease elimination. From an epidemiological perspective, this possibility is extremely important because it implies that the dengue virus can persist in a population even when
The Stochastic Model
We now formulate an analogous stochastic model using a continuous time Markov chain. Our main purpose in this study will be to explore the dynamics of the stochastic model using numerical simulations in the region of bistability predicted by Theorem 1 and compare them to the corresponding results from the deterministic model (2.1). It has been observed [25] that for epidemic models exhibiting backward bifurcation, the deterministic and stochastic versions of the model do not always have similar dynamics. This difference is all the more important since, it is also observed that stochastic models better capture the uncertainty and variability that is inherent in real-life epidemics due to factors such as the unpredictability of person-to-person contact [27, 28] .
Model Formulation
Following [29] , we assume the total population size to be bounded. We denote the bound by K. Let
 denote discrete random variables for the number of susceptible hosts, exposed hosts, infected hosts, recovered hosts, susceptible vectors, exposed vectors and infected vectors respectively. Furthermore, let and 
The continous-time stochastic dynamical system
is a multivariate process with a joint probability function with We further assume that the stochastic process is time homogeneous. Thus, using the notation of [28] ,
, 
h s h e h i r v s v e v i h h h v v v h s h e h i r v s v e v i h h h v v v s i e i i i r i s j e j i j s e i r s e i s i e i i i r i s j e j i j s e i r s e i p tt tp
               t     ,
i e i i i r i s j e j i j
       is defined by                             ,
o t i i i i j j j s t o t i i i i j j j s t o t i i i i j j j e t o t i i i i j j j e t o t i i i i
p t                                                           , , ,
j j i t o t i i i i j j j i t o t i i i i j j j r t o t i i i i j j j t o t i i i i j j j
                                                         ,
t o t i i i i j j j s t o t i i i i j j j e t o t i i i i j j j e t o t i i i i j j j i t o t i i
                                              ,                                                                     where         , , , , , , , ,
, , , , , h s h e h i r v s v e v i h h h v v v s i e i i i r i s j e j i j s e i r s e i p t p t
In order for the probabilities to be meaningful (non-negative and bounded by 1), the following is assumed:
Since all the parameters are positive, a small value of ensures that the above condition is satisfied. t  Although, we now have the infinitesimal transition probabilities in hand, it is difficult to express the transition matrix and the generator matrix in easily expressible forms. One possible solution to this problem is given in [19] and we will make use of this later. Our stochastic model has seven independent discrete random variables and it is therefore even more cumbersome to express the associated transition and generator matrices. We therefore desist from this exercise for now.
We now assume that the stochastic process satisfies the Markov property [28] : 
Using the Markov property and the infinitesimal transition probabilities, we can express the state probabilities at time in terms of the state probabilities at time t. For the sake of simplicity, we assume that the total population at time t is less than the upper bound K and furthermore that none of the random variables is zero.
The purpose of these two assumptions is to ignore numerous tedious sub-cases. The two communication classes D and E correspond to the disease-free and endemic stages of the disease respectively. Therefore, the above result indicates that every sample path is eventually absorbed into the disease-free class and therefore, irrespective of parameter values, the stochastic model will always converge to a disease-free state. This is in direct contrast to the deterministic case in which a unique endemic steady state solution always exists for 0 . Thus, the deterministic case allows for the possibility of the disease having an endemic equilibrium, depending on the value of a threshold parameter, while the stochastic model always predicts an eventual disease-free equilibrium. Furthermore, disease extinction takes place in finite time in the stochastic case while in the deterministic case a disease-free equilibrium is only approached asymptotically. Depending on the value of 0 however, the sample paths for the stochastic model might remain in the endemic class E for a very long time. As a consequence, for most practical purposes, the stochastic model follows closely the behavior of the corresponding deterministic model for the majority of time. This can be demonstrated using 1 R 
Numerical Simulations
Our purpose in this section is to explore the dynamical behavior of the stochastic model for values of the model parameter, which result in a backward bifurcation and produce a region of bistability. The behavior of the stochastic model in this region is important due to the public health implications of the backward bifurcation. As mentioned previously, the existence of a backward bifurcation in model (2.1) results in the possibility of a locally asymptotically stable endemic equilibrium even for values of 0 . Therefore, lowering the value of the basic reproduction number below unity is no longer a sufficient condition for disease elimination. Moreover, as mentioned in [25] , the dynamics of a stochastic epidemic model does not necessarily agree with its deterministic counterpart in this region of bistability.
For the purpose of numerical simulations, we will formulate our stochastic model as a discrete time Markov chain (DTMC) and employ a constant time step t  .
This simplifies many of the numerical simulations and allows us to calculate the numerical mean, which is not possible when using a CTMC with random, exponentially distributed interevent times. As mentioned in [19] , if the time step is small enough, the DTMC provides an excellent approximation to the original formulation of the stochastic model as CTMC. 
This results in a value of R 0 = 0.855 and R c = 0.571 and thus we have 0 . Therefore, in view of Lemma 1 and Theorem 1, the deterministic model (2.1) now has a locally asymptotically stable disease-free equilibrium (DFE) as well as a locally asymptotically stable endemic equilibrium. We point out however, that these parameter values are not necessarily realistic from a biological and epidemiological point of view. Table 1 . The symbols  and  stand for the normal and gamma distributions respectively. Figure 5 displays the assumed distributions of each of the seven model parameters along with the resultant distribution of 0 . The probability that 0 c for the given parameter values and distributions is 15%. Thus, for the assumed parameter values, there is a non-trivial possibility of a backward bifurcation in the model (2.1).
The numerical mean of each discrete random variable is calculated using Monte Carlo simulations. It is found that the numerically calculated means are in excellent agreement with the corresponding results from the deterministic case for parameter values, which result in the backward bifurcation. Therefore, both the stochastic model as well as the deterministic model in [11] predict the co-existence of a locally asymptotically stable disease-free equilibrium along with an endemic equilibrium for certain values of 0 1 R  . As a consequence, the stochastic model indicates that the disease may persist in the population even if 0 1 R  .
Discussion
We formulate a stochastic model, based on an existing deterministic ODE model, for the transmission dynamics of dengue virus using a continuous time Markov chain. The deterministic model is known to undergo a backward bifurcation for certain values of the model parameters and consequently presents the possibility of the co-existence of both a locally asymptotically stable DFE along with a locally asymptotically stable endemic equilibrium for certain values of the basic reproduction number less than unity. It is important to note that the deterministic model (2.1) undergoes a backward bifurcation as a consequence of both the use of standard incidence, as opposed to mass action, as well as inclusion of the vector dynamics. Thus, removing the vector dynamics from model (2.1) and using a direct transmission model as suggested in [13] , or using a mass action model [11] will A. KHAN ET AL.
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The current study focuses on a model for the spread of single strain dengue virus. However, as demonstrated by Garba et al. in [12] , a model for the transmission dynamics of two strains of dengue with temporary cross immunity and ADE, also allows for the possibility of backward bifurcations. One possible extension of the current study therefore, is to formulate an analogous stochastic model corresponding to the deterministic model presented in [12] and explore the dynamics of the stochastic model for values of the model parameters which produce the bifurcation.
